We present a protocol for measuring the quadrature of a harmonic oscillator (HO). The HO is coupled to a qubit, with an interaction modulated by the qubit control and effectively proportional to the HO quadrature I. Repeated measurement of the qubit leads to gradually increasing information on the quadrature I, leading to squeezing. We derive an analytical formula for the quadrature variance, (∆I) 2 = 1/(1 + 4φ 2 s), with φ the product of interaction strength and interaction time and s the number of repetitions of the measurement. We discuss the robustness of this scheme against decoherence. We find that this protocol could lead to significant squeezing in a realistic setup formed of a superconducting flux qubit used to measure an electrical or mechanical resonator.
Introduction.-The quadratures of a quantum harmonic oscillator (HO) are operators defined as I = a + a † and Q = −i(a−a † ), with a (a † ) the HO annihilation (creation) operator. The variances for these operators are constrained by the uncertainty principle, which imposes (∆I) 2 (∆Q) 2 ≥ 1. Squeezed states are characterized by a variance in one quadrature reduced below 1 at the expense of increased uncertainty in the other quadrature. Quadratures are constants of motion for a HO, which allows, in principle, their high precision measurement using a quantum non-demolition readout [1] . Therefore, by monitoring one of the two quadratures, a signal acting on the HO can be detected with a precision only limited by the ability to prepare the chosen quadrature in a low uncertainty state, making quadratures useful for sensitive detection [2] . Squeezed states have applications also in quantum measurements [3] and quantum information based on continuous variables [4] .
Recently, developments in the field of control of mechanical resonators have led to the experimental demonstration of preparation and detection of squeezed states [5] [6] [7] [8] . In the field of superconducting circuits, squeezed states of superconducting electromagnetic resonators have become an essential ingredient in quantum limited amplifiers (see e.g.
Ref. [9] ). Various methods have been proposed to implement squeezing in mechanical systems, including back-action evading schemes based on two-tone driving [10] , engineered dissipation [11] , parametric driving [12, 13] , stroboscopic measurements [14] , pulsed optomechanics [15] , and squeezed light injection [16] . In superconducting electromagnetic resonators, squeezing relies on non-linearities due to Josephson junctions and parametric amplification [17, 18] . Nevertheless, finding versatile and efficient methods to generate squeezed states remains a topic of growing importance. * adrian.lupascu@uwaterloo.ca
In this paper, we present a method to perform high fidelity quadrature measurements and generate squeezed states of a HO. The HO interacts with the qubit via a (a+ a † )σ z interaction, where σ z is a Pauli operator in the qubit energy eigenbasis. The qubit is controlled with resonant pulses, used to induce transitions between its energy eigenstates, separated by half the period of the HO. A superposition of qubit energy eigenstates acquires a phase, dependent on the quadrature I, which is detected in a Ramsey-type experiment. We show how repetition of this sequence leads to increasing information on the quadrature I and a corresponding reduction in the uncertainty ∆I corresponding to squeezing. We discuss the application of this protocol to measurement of superconducting electromagnetic resonators and nano-mechanical resonators, taking into account non-idealities including decoherence and qubit detection errors. We note that our proposed scheme involves an effective modulation of the interaction between the HO and the qubit detector, bearing a connection with the generic modulation scheme of Thorne et al. [19] . The periodic interaction has similarities with stroboscopic measurements [14] , with one important difference being that the interaction is continuous, leading to increased coupling strength. The same qubit control pulse scheme was proposed for ac-magnetic field coherent [20] and incoherent [21, 22] detection and shown to be amenable to classical quadrature measurements [23] . In Ref. [24] , a similarly modulated interaction is used for heralded cooling and squeezing. In marked contrast with Ref. [24] , the choice we take for qubit detection implements quadrature measurement and leads to generation of low variance states for any measurement result. frequency, f (t) a qubit control term, and g the HO-qubit coupling strength. The qubit is controlled with resonant pulses, i.e. by setting f (t) = A(t) cos(ω ge t + ϕ(t)), with the amplitude A(t) and the phase ϕ(t) changing slowly as a function of time. We make a transformation to a rotating frame, described by the unitary operator U rf = e i(HHO+H qb )t . In this frame the Hamiltonian is H rf = g(ae
σ y , where we used the rotating wave approximation.
The measurement protocol consists of repeating the procedure shown schematically in Fig. 1(a) . The qubit and the HO start in a separable state |g ⊗ |α , where |g (|e ) is the qubit ground (excited) state and |α is an arbitrary HO state. Next, the qubit is controlled using a Carr-Purcell-Meiboom-Gill type control sequence [25] , consisting of the pulses
, as shown Top three panels: the probability of a measurement sequence with n results r = 1, the quadrature average, and the quadrature variance, respectively, versus measurement step n obtained from Eqs. 1, 2, and 3. Bottom panel: fidelity against a squeezed state versus n. We take φ = 0.159 and s = 64. schematically in Fig. 1(a) . Each rotation θ β is a rotation of angle θ around axis β = x or y. The first control pulse changes the qubit state to
(|g − i|e ). The evolution of the combined system during the time interval between the initial and final pulses is given by the unitary operator U e = U c T exp −i Te 0 dt H eff (t) , where the effective Hamiltonian H eff (t) = gχ(t)(ae −iωr t + a † e iωr t )σ z and U c = I qb , the identity operator for the qubit, for for N p even, and U c = e −iπ/2σx for N p odd. After the final pulse, the qubit is measured projectively, and the measurement result r = 1 (−1), corresponding to projection in the excited (ground) state, is recorded. Following measurement, the qubit is reset to its ground state, in preparation for the next repetition.
The evolution of the coupled qubit-HO system between the two π/2 pulses in Fig. 1(a) is exactly described by the Hamiltonian H avg = 2 π gσ z I, with the quadrature I = (a + a † ), obtained by averaging the Hamiltonian H eff (t) over the complete duration of the interaction. Qualitatively speaking, the qubit superposition
(|g − i|e ) prepared by the first π/2 pulse acquires a phase that depends on the quadrature I. The combination of the (π/2) y pulse and measurement in the energy eigenbasis constitutes a measurement in the σ x eigenbasis, which provides information on the quadrature I.
Analysis of the measurement process.-Next, we present an analysis of the measurement process. We consider a series of s repetitions of the protocol illustrated in Fig. 1(a) . For repetition i (i = 1, s), the start-ing state of the combined system is |g ⊗ |α i−1 . After interaction and immediately prior to measurement, the state becomes |g ⊗ D g |α i−1 + |e ⊗ D e |α i−1 , where
, with D(β) = e βa † −β * a the displacement operator of amplitude β [26] , and φ = 2 π gT e . The measurement result r = −1 (1) occurs with probability P g = ||D g |α i−1 || 2 (P e = ||D e |α i−1 || 2 ) and induces a post-measurement state |α i = D g |α i−1 / P g (D e |α i−1 / √ P e ). By iteration, the probability to obtain a set of measurements such that n of the s results are +1, is given by P (s−n,n) = ||D We first analyze the measurement action by stochastic numerical simulations. The HO is prepared in its vacuum state. We simulate a set of measurement sequences, each consisting of s measurements. Within each sequence, we assign at each step a measurement result r, by drawing the random number r = 1 (−1) with probability P e (P g ), and we also assign the corresponding conditioned state. In Fig. 1(b) we show, within each sequence, the evolution of the average quadrature I versus the measurement step. We observe that after undergoing fluctuations, I settles to a nearly constant value. In Fig. 1(c) we show the histogram of the average I and of the variance (∆I)
2 . The distribution of I is consistent with the initial state probability, whereas ∆I is significantly reduced compared to the initial distribution. These features are a consequence of the quantum non-demolition type of interaction. Remarkably, the values taken by I are discrete, a feature that reflects the discrete nature of the information acquired from binary qubit readout results. In Fig. 1(d) we show the average of the last few measurement results versus the final I for each sequence. The strong correlation demonstrates that the qubit readout is a suitable meter for the quadrature I. The results in Fig. 1 correspond to 
2 to decrease as φ increases. We also observe similar results when the HO is prepared in coherent or thermal states.
We discuss next the properties of the measurement conditioned states. We consider the case in which the initial state of the HO is a coherent state of amplitude α 0 . The probability to detect the result r = 1 for n times out of s repetitions, the corresponding average, and the corresponding average of the square of the quadrature are given respectively by
and
(see [27] ). Using these expressions, we calculate and show in Fig. 2 the probability for each result, which is given by P (s−n,n) multiplied by the combinatorial factor s n , the average, and the variance versus n. These results show that measurement conditioned states have reduced variance in the quadrature I. It is interesting to consider whether the resulting states are squeezed states, as generated by a squeezing operator S(ǫ) = exp ǫ * 2 a 2 − ǫ 2 a † 2 [26] . In Fig. 2 we also show the fidelity of the measurement conditioned state with respect to the state D( I ) s−n,n S(− log(∆I) s−n,n )|0 . We find that, besides having reduced variance, the states prepared by measurement have a very high fidelity with respect to states generated by the squeezing operator.
We next consider the dependence of the variance on the number of measurement steps. For an initial vacuum state, the variance of the most likely state (n = s/2) as well as its average weighted over the probabilities of resulting states is shown in Fig. 3 for two values of φ. Based on equations 1,2, and 3, we derived an analytical approximation for the variance [27] ,
which is in excellent agreement with the exact calculations, as shown in Fig. 3 . The role of qubit dephasing.-Given the fact that quadrature measurement relies on the detection of the phase of a qubit superposition, dephasing of a qubit induced by its environment should be considered. In the presence of dephasing, the projection operators D g(e) be-
, whereφ is a random phase acquired by the qubit due to noise. The state conditioned by a given series of measurement results r 1 , r 2 ,...,r s becomes a density matrix when averaged over noise realizations, and is given by
where q 1 and q 2 are vectors of length s with components 0 or 1, t 1(2) is the sum of the components of q 1 (2) , and
, with W the correlation matrix for the noiseφ. We considered quadrature measurement with g = 1 MHz, ω r = 2π × 200 MHz, N p = 50, and noise in the qubit frequency ω ge with a spectral density A ω /|ω|. This type of noise spectral density is typical in superconducting qubits [28] ; we take a typical value A ω = (1.2 × 10 7 rad/s) 2 . A comparison of the variance without and with dephasing is shown in Fig. 4 . This level of noise produces a negligible effect on quadrature squeezing up to s =18. Even with significantly larger noise, A ω = (2.4 × 10 7 rad/s) 2 , squeezing is degraded by less than 5 %.
Experimental implementation.-We briefly discuss the prospects for experimental implementation. We consider a superconducting flux qubit used to measure either an electrical or a mechanical resonator. The flux qubit has ω ge = 2π × 10.8 GHz, an energy level splitting at the symmetry point ∆ = 2π × 4 GHz, a persistent current I p = 300 nA, an energy relaxation time T 1,qb = 10 µs, an effective temperature T qb = 50 mK, and is subjected to intrinsic flux noise with a spectral density A Φ /|ω| with A Φ = 1 (µΦ 0 ) 2 [29] [30] [31] . The HO has ω r = 200 MHz, a quality factor Q = 10, 000, and a temperature T HO = 15 mK. A coupling strength g = 2π × 2 MHz is achievable by inductive coupling of an electrical superconducting resonator or by embedding a moving beam into the qubit arm, similarly to the superconducting interferometer setup in Ref [32] . With the numbers given above, we find that a HO initially in its thermal state can be brought into a squeezed state with a variance reaching (∆I) 2 = 0.4. We note that the assumed value of g is conservative. Larger coupling of the qubit to a mechanical HO is envisioned with optimized setups and coupling to an electrical HO can be straightforwardly be made over an order of magnitude larger than considered, leading to larger squeezing. We expect that further optimization of other parameters of the measurement protocol will also result in increased squeezing.
Conclusions and outlook.-Quadrature measurements and generation of squeezed states are very important in various fields, including quantum sensing, quantum optics, quantum information, and nanomechanics. The protocol for generation of squeezed states that we presented in this paper makes use of a very basic resource, a two level system with control and measurement. This aspect makes it attractive from a fundamental point of view and at the same time amenable to experimental implementations. Future work will address theoretical aspects of optimization of this protocol for optimal squeezing and tests of the experimental implementation.
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I. DERIVATION OF THE EXPRESSIONS FOR PROBABILITY, QUADRATURE AVERAGE AND VARIANCE
In this section we present a derivation of the expressions for P (s−n,n) , I , and I 2 in Eqs. (1)- (3) of the main text.
The probability to obtain n results r = 1 in a series of s measurement is
(s−n) g |α 0 , with |α 0 the initial harmonic oscillator (HO) state, taken to be a coherent state of complex amplitude α 0 . We have
, and D † e = −iD e . Using the binomial theorem, this expression can be expanded as
When the last factor in (S1) in the bra-ket notation is expanded further by employing the formulas D n |α = e inφℜ{α} |(α + niφ) and α i |α j = exp α *
[S1], the expression for P (s−n,n) given in Eq. (1) of the main text is obtained.
The quadrature average
. Using the relations above and
. This is expanded as
After using in Eq.(3). We can establish the following relation between the probability, quadrature average, and quadrature square average: 1 P (s−n,n) d dφ φP (s−n,n) = I 2 (s−n,n) − 2ℜ{α} I (s−n,n) .
This relation will be used in the following section.
II. DERIVATION OF AN APPROXIMATE FORMULA FOR THE VARIANCE
In this section we derive an expression for the quadrature variance. We assume a starting vacuum state, |α 0 = |0 and we focus on n = s/2 (s is taken even), which is the most likely result. We have P ( 
where C q1,q2 = e iφ·(q1−q2) = exp − 
where χ is Fourier transform of χ(t) depicted in Fig. 1.(a) in the main text. We find that to a good approximation, the correlation matrix (S18) is diagonal, with elements
